Introduction. Let
U be an open subset of the Riemann sphere S 2 . The algebra of bounded analytic functions on U is denoted by H°°(Z7) and the algebra of continuous functions on 77 which are analytic on U is denoted by A(U). We are interested in the following two questions:
(1) When does Re A(U) have finite defect in C B (dU)? That is, when does the uniform closure of the real parts of functions in A ( U) have finite codimension in the space of continuous real-valued functions on the boundary d U of U? (2) When is A(U) pointwise boundedly dense in H"(U)? That is, when can every function in iJ°°(Z7) be approximated pointwise on U by a bounded sequence in A ( U) ?
These two problems are related by the following theorem, which extends a result of A. M. Davie [2] . THEOREM 
1, Suppose dU has no isolated points. Then Re A(U) has finite defect in Cii(dU) if and only if S 2 \U has a finite number of components and A(U)is pointwise boundedly dense in H™(U).
In this announcement, we wish to elaborate on this result, and to state answers to questions (1) and (2) in terms of analytic capacity.
2. A theorem on uniform approximation. By K we will always denote a compact subset of the complex plane. The algebra R(K) is the uniform closure on K of the rational functions with poles off K. 3. Pointwise bounded approximation. Necessary and sufficient conditions for the pointwise bounded density of A(U) in H°°(U) were given in [4] , and were sharpened by Davie in [2] . In order to state a further strengthening of this characterization, we introduce more definitions.
A curvilinear null set is a subset of zero outer length lying on a twice continuously differentiable curve. A <7-curvilinear null set is a countable union of curvilinear null sets. The analytic capacity of a planar set S is The open disc centered at 0 O with radius 5 is denoted by A(2 0 ; 8). THEOREM An additional difficulty with pointwise bounded approximation is that one does not automatically get good bounds on the norms of approximating sequences. The proofs of both the necessity of (ii) and the sufficiency of (iii) depend not only on Vitushkin's constructive techniques, but also on the abstract tools of functional analysis, and especially on an argument involving the separation theorem for convex sets which stems from Ahern and Sarason [l ] .
The following are equivalent : (i) A(U) is pointwise boundedly dense in H™( 17). (ii) y(D\ U) =a(D\ U) for each bounded open set D. (iii) There is a a-curvilinear null set E such that for each zE: (d U
)
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Using Theorem 2, one obtains the following companion theorem for R(K). THEOREM 
i) Each zÇzU has a finite dimensional set of representing measures (ondUJorA(U)).
(
ii) Re A ( U) has finite defect in CR(Ô U). (iii) If Y is any component of S 2 \U and V=S 2 \Y, then A(V) is a dirichlet algebra on d V. (iv) A ( U) is pointwise boundedly dense in H°° ( U). (v) If ô>0 is sufficiently small, then a(A(z]d)\U) ^ Ô/4, zGdU. (vi) There is a a-curvilinear null set E such that for all zÇz(dU)\E,
Under the equivalent conditions of Theorem 5, we can describe explicitly the real functionals on C(dU) which are orthogonal to A(U). Indeed, suppose there are r components Ei, • • • , E r of S 2 \U. Let 7y be a cycle in U which surrounds E 3 -in the usual sense of contour integration. Under our hypotheses, every function uÇzCn(dU) has a continuous extension ütoU harmonic on U. Define Lj(u) to be the increment of the harmonic conjugation function of ü along 7y. ( It is easy to formulate geometric criteria which ensure the validity of the estimate (vi). Using the fact that the analytic capacity of a continuum is comparable to its diameter, we can state the following corollary. Recall that the inner boundary of K consists of those points zÇîdK which do not lie on the boundary of one of the components of S 2 \K.
ii) Re A (K) has finite defect in CR(ÔK). (iii) A (K) is a hypodirichlet algebra. (iv) A (K) is pointwise boundedly dense in H°°(K°). (v) If 8 >0 is sufficiently small, then a(A(z;Ô)\K°)
è 8/4, z G dK. (vi)
THEOREM 8. If dK is connected, and the inner boundary of K is a acurvilinear null set, then R(K) is pointwise boundedly dense in H°°(K°), and R(K) is a dirichlet algebra.
When K has a connected complement, the first and second conclusions of Theorem 8 reduce respectively to the Farrell-RubelShields Theorem (VI.S.l of [3] ) on pointwise bounded approximation, and the Walsh-Lebesgue Theorem (II.3.3 of [3] ) on uniform approximation by harmonic polynomials in x and y. When the complement of K has a finite number of components, we find ourselves in the situation treated by Ahern and Sarason [l] . The theorem, in the case in which the inner boundary is at most countable, was obtained by McCullough [7] .
Proofs and further applications of these results in the case of dirichlet algebras will appear in [5] .
